We compute the weak magnetic field correction to the four-point quark-gluon vertex at finite temperature and chemical potential within the hard thermal loop approximation. The resulting four-point quark-gluon vertex satisfies the Ward identity with the three-point quark-gluon vertex.
I. INTRODUCTION
It is well known that quarks and gluons are confined within hadrons at low temperature and density where chiral symmetry is spontaneously broken. At high temperature and/or high density, chiral symmetry is restored, the hadronic states are believed to make a phase transition to a deconfined state of quarks and gluons, and a quasifree state of quarks and gluons, known as quark-gluon plasma, is produced. Such high-temperature and/or high-density situations are generated in ultrarelativistic heavy-ion collisions experiments at the Relativistic Heavy Ion Collider [1] and Large Hadron Collider [2] and are also expected to be generated in future experiment at the Facility for Antiproton and Ion Research [3] . In such heavy-ion collisions, a very strong anisotropic magnetic field is generated [4] [5] [6] [7] [8] [9] due to the relative motion of the ions in the direction perpendicular to the reaction plane.
During the last few years, the properties of hot and dense nuclear matter in the presence of magnetic field have been the subject of intensive research. Several novel properties of hot and dense nuclear matter in the presence of the background magnetic field have been studied over the years, namely, the chiral magnetic effect [4, 10, 11] ; chiral-and color-symmetry broken/restoration phase [12] [13] [14] [15] ; magnetic catalysis [16] [17] [18] and inverse magnetic catalysis [18] [19] [20] [21] [22] ; bulk properties of Fermi gas [23] ; phase structure of QCD [17, [24] [25] [26] [27] ; various properties of mesons such as the decay constant, thermal mass, and dispersion relations [28] [29] [30] [31] [32] ; soft photon production from conformal anomaly in heavy-ion collisions [33, 34] ; modification of QED dispersion properties [35] ; electromagnetic radiation [36] ; dilepton production [37] [38] [39] [40] [41] [42] ; transport properties [43, 44] ; and properties of quarkonia [45] [46] [47] [48] .
Another phenomenological important quantity for studying the hot and dense nuclear matter is the QCD equation of state (EoS). A lot of work has been done to study the QCD EoS in the absence of any background magnetic field using both the nonperturbative method like Lattice QCD (LQCD) [49] [50] [51] [52] and also the hard thermal loop (HTL) resummed perturbation theory [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] . Recently, the QCD EoS in the presence of magnetic field * Najmul.Haque@theo.physik.uni-giessen.de has been studied using LQCD [73, 74] , the hadron resonance gas model [75] , the field correlator method [76] , the Polyakov linear-sigma model [77] , and also the perturbation theory in two-loop order [78] . Very recently, in Ref. [79] , QCD pressure has been computed in one-loop order in the presence of weak magnetic field applying HTL perturbation theory. As next-to-next-leading order (NNLO) hard thermal loop perturbation theory (HTLpt) thermodynamic results [71] at vanishing magnetic field matches well with LQCD data, it will be interesting to extend the NNLO HTLpt calculations at nonvanishing magnetic field. To compute that, one needs various Npoint functions at finite temperature and chemical potential in the presence of finite magnetic field. Recently, the quark propagator and quark-gluon vertex have been computed in the presence of a weak magnetic field in Ref. [80] within the HTL approximation. In this article, we calculate the only remaining N -point function, viz., the four-point quark-gluon vertex, in the presence of magnetic field, which would be essential for computing NNLO HTLpt thermodynamics.
The paper is organized as follows. In Sec. II, we revisit the calculations for quark self-energy and the threepoint quark-gluon vertex that have been done earlier in Ref. [80] . In Sec. III, we discuss the detailed calculations for the four-point quark-gluon vertex in the absence as well as in the presence of weak magnetic field. In Sec. IV, we conclude with our results.
II. TWO-AND THREE-POINT FUNCTIONS IN QCD
The two-and three-point functions in QCD at weak magnetic field have been done earlier in Ref. [80] with vanishing chemical potential. The authors in Ref. [80] have explicitly shown (before doing the Matsubara frequency sum and three-momentum integration) that the three-point vertex satisfies the Ward identity with the quark self-energy. But in the final expression of the quark self-energy, the authors have missed a factor of (−2).
After correcting that missing (−2) factor and also considering the finite chemical potential of the system, the weak magnetic field correction to the quark self-energy at finite temperature and chemical potential can be written as
with N c number of colors and the magnetic mass
We use the gamma matrices relation to get Eq. (1),
with u µ = (1, 0, 0, 0) and b µ = (0, 0, 0, 1). The function ℵ(z) appears in Eq. (2) due to the inclusion of finite chemical potential.
With z = (1/2 − iµ/(2πT )) = (1/2 − iμ), ℵ(z) can be written as
where Ψ(z) = Γ ′ (z)/Γ(z) represents digamma function. Also, the weak magnetic field correction of the threepoint quark-gluon vertex can be written from Ref. [80] as
One can now easily check the Ward identity from Eqs. (1) and (5) as
The first term within the curly brackets in Eq. (6) can be neglected [80] by virtue of the HTL approximation and the remaining term can be written as
III. FOUR-POINT FUNCTIONS IN QCD
In QCD, the HTL resummed quark-gluon four-point vertex function Γ µν is defined via
Now, the following diagrams will contribute to the HTL resummed quark-gluon four-point vertex function.
FIG. 1. Feynman diagrams for the four-point quark gluon vertex.

A. At vanishing magnetic field
In this subsection, we present the calculations for the four-point quark-gluon vertex function in the absence of any magnetic field to generalize the QED result presented in Ref. [81] . The frequency sums that appear in this subsection will also be useful to calculate the frequency sums in the presence of magnetic field. Now, the colortraced four-point function for the diagram 1(a) can be written as
In the HTL approximation we neglect the quark mass m at high temperature in the absence of any background magnetic field. However, it is important to keep a nonzero quark mass in the presence of magnetic field [80, 82] . Finite quark mass acts as an infrared scale at finite magnetic field, and in numerical computation, we can take the quark mass as thermal quark mass as discussed in Ref. [80] . Now, in the HTL approximation we can neglect external momenta with respect to the loop momenta [83] , and the four-point vertex function from diagram 1(a) of Fig. 1 using Eqs. (8) and (9) can be written as
Similarly,
and
One does not need to compute the diagrams 1(b), 2(b), and 3(b) explicitly. One can obtain the contributions from these diagrams by replacing P 1 + Q 1 → P 2 − Q 1 from the corresponding first diagram of each set. The remaining diagram (diagram 4) does not contribute anything in the HTL approximation to the four-point vertex.
To calculate the frequency sum of Eqs. (12) - (14), we can define the following tensors of which the components need to be computed:
. (17) Now, the following Matsubara sums corresponding to Eqs. (15)- (17) are to be evaluated.
For i = 0, Eq. (18) reduces to
where
and also
The functions n B (x) and n ± F (x) in Eq. (21) repre-sent Bose-Einstein and Fermi-Dirac distribution functions and can be expressed as
The (21) at the high-temperature limit can be written as
In the HTL approximation we may use
and also n
. Similarly for the diagram 1(b), we can write
The other frequency sums (i = 1, 2, 3) of Eq. (18) can be calculated using Eq. (28). X
1(a) 1
can be obtained by replacing ω n → −isE before doing the summations in Eq. (21) and can be written as
can be obtained using the property that any K 2 term in the numerator gives a nonleading contribution and hence
Now, we calculate the next frequency sum that is given in Eq. (19) . As all the bosonic and the fermionic propagators get exchanged to get Eq. (19) from Eq. (18), we can get the expression for X
2(a) i
by replacing n B (x) ↔ −n + F (x) in Eq. (21) and hence
By keeping only the terms that will contribute to the leading order and also applying the HTL approximation, Eq. (33) reduces to
Similarly, for the diagram 2(b), we can write
One can explicitly compute all the summations in Eq. (19) for all values of i, and it can be shown that
Similarly, we can calculate the frequency sum in Eq. (19) as
The leading-order term only appears for s = −s 1 = −s 2 = s 4 and can be written from Eq. (37) as
Similarly, for the diagram 3(b), we can write
Using Eqs. (34), (35) , (39) and (40), we can write
So, it is clear from Eqs. (13) and (14) Now, using the Matsubara sums (28) , (30), (31) and (32) we can rewrite the tensor (15) as
Finally, the total HTL resummed four-point vertex function at vanishing magnetic field can be written as
with the square of quark thermal mass
Note that Eq. (43) exactly reproduces the QED fourpoint vertex in Ref. [81] if we replace quark thermal mass with electron thermal mass. One can also easily show that the four-point function presented in Eq. (43) satisfies the Ward identity with the QCD three-point vertex in the absence of any magnetic field [81] .
B. At nonvanishing magnetic field
Now, we calculate the magnetic field correction in the first order in the weak field approximation of the four-point vertex function. Using the magnetic field approximated quark propagator from Ref. [80] , we can write O(qB) term of the diagram 1(a) as
Now, we can get the relation using the gamma matrices identity:
So, Eq. (45) becomes
Similarly
As in the case of zero magnetic field, it is also possible to show here that
So, to calculate the weak magnetic field correction to the QCD four-point function, one needs to consider only δΓ 1(a) and δΓ 1(b) . To calculate the frequency sum of δΓ 1(a) as defined in Eq. (47), we can define the following tensor of which the components need to be computed.
which in turn requires one to compute the frequency sums
Following the Eq. (36) it is possible here to show that
With finite quark mass, X
2(a) i
's can be calculated by generalizing the corresponding zero quark mass X 2(a) i 's as
. (57) In Eqs. (54) - (57), E m represents E m = √ k 2 + m 2 . Note that we follow Ref. [80] and take the quark massdependent Bose-Einstein distribution function along with the Fermi-Dirac distribution function and the finite quark mass acts as an infrared regulator. Now, combining all the contributions from Eqs. (54) - (57), the tensor in Eq. (51) can be written as
where k/T = x and m/T = y. The integral over x in Eq. (58) can be represented in terms of the functions
where we have used the following identities:
In the HTL approximation (m ≪ T ) the two functions f 1 (y,μ) and h 1 (y) can be expanded as
and keeping the leading terms in m, we get
Similarly, the tensor related to the second diagram 1(b) can be written as
Combining all the contributions, the magnetic field correction to the four-point QCD vertex can be written as
Note that the expression for δΓ µν in Eq. (67) can be predicted using the expression of three-point quark-gluon vertex in Eq. (5) based on the Ward identity and symmetry property of δΓ µν with respect to the Dirac indices. 
Now, the first term of the vector structure of Eq. (68) 
which clearly satisfies the Ward identity.
IV. CONCLUSION AND OUTLOOK
In this article, we have calculated the weak magnetic field correction to the four-point quark-gluon vertex at finite temperature and chemical potential. Additionally, we have recalculated the quark self-energy and also the three-point quark-gluon vertex at finite temperature and chemical potential in the presence of weak magnetic field. We have explicitly shown that only QED-like diagrams [1(a) and 1(b)] contribute to the four-point function, whereas the overall contribution from the remaining diagrams (pure QCD diagrams) [2(a), 2(b), 3(a), 3(b), and 4] is zero. The resultant four-point vertex satisfies the Ward identity with the three-point vertex. Also, the expressions presented herein for two-and three-point vertices satisfy the Ward identity within themselves.
These N -point functions will be necessary to calculate various quantities such as thermodynamics of the hot and dense medium in the presence of magnetic field. Looking to the future, we are planning to compute NNLO thermodynamics within HTLpt in the presence of weak magnetic field.
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